A new bound for the quantum capacity of the d-dimensional depolarizing channels is presented. Our derivation make use of a flagged extension of the depolarizing map where the receiver obtains a copy of a state σ0 whenever the messages are transmitted without errors, and a copy of a state σ1 when instead the original they get fully depolarized. By varying the overlap between the flags states, the resulting transformation nicely interpolates between the depolarizing map (when σ0 = σ1), and the d-dimensional erasure channel (when σ0 and σ1 have orthogonal support). In our analysis we compute the product-state classical capacity, the entanglement assisted capacity and, under degradability conditions, the quantum capacity of the flagged channel. From this last result we get the upper bound for the depolarizing channel, which by a direct comparison appears to be tighter than previous available results for d > 2, and for d = 2 it is tighter in an intermediate regime of noise. In particular, in the limit of large d values, our findings presents a previously unnoticed O(1) correction.
environment, the time of the interaction, and the state of environment are exactly known. It may be conceivable that some of this information is not available, for example the state of the environment may change in time. Monitoring the environment can modeled as receiving a copy of it as a quantum flag, each time the channel it is used: to each environment state is associated a different effective channel, and Bob can do his best to use the additional limited information encoded in the flag to decode the message. FDC, being a channel with non-orthogonal quantum flags, represent a further step in studying the genuinely quantum setting.
The paper is structured as follows: in the first section we review some facts about quantum channels, and we list the capacities that we consider, recalling their characterization in terms of maximization of entropic quantities; in the second section we introduce the model; in the third section we compute the capacities of the FDC. In the fourth section we find sufficient conditions for degradability. In the last section we state our best bound to the quantum capacity of the depolarizing channel, and compare it with previous results.
II. PRELIMINARIES
In this section we recall some definitions and facts about quantum channels [1] . Quantum channels represent the transformations of quantum states allowed by the rules of quantum mechanics and each of them can be described by a Completely Positive Trace Preserving (CPTP) map. Given a Hilbert space H, we write the space of linear operators on H as L(H) and the set of density operators as S(H). When H A and H B have finite dimension, the action of quantum channel Λ : L(H A ) → L(H B ) on θ ∈ L(H A ) can be written in the Stinespring representation as following
where |e E is the state of environment interacting with the system A, and U AE is an unitary interaction acting on
In this setting the complementary channelΛ : L(H A ) → L(H E ′ ) is defined as the CPTP mappingΛ
Now the channel Λ is said to be degradable if there exists a third CPTP channel W : L(H B ) → L(H E ′ ) (dubbed degrading channel) such that
Similarly it is said to be anti-degradable if instead there exists a CPTP channel V :
Degradability allows for an easier evaluation of the optimal communication performance through a channel, in a sense that we will recall in the next paragraphs.
Suppose Alice wants to send information to Bob using the quantum channel Λ. Depending on the type of the information that Alice wants to send, and the resource that they share, different type of capacities can be defined. The first that we consider is the classical capacity. Suppose that Alice wants to encode her classical information into quantum states and use channel Λ to transfer the classical information to Bob. In [16, 17] it is shown that the optimal rate of reliable classical communication can be expressed as
where, defined the Holevo quantity of an ensemble as χ({p i ; ρ i }) := S( i p i ρ i ) − i p i S(ρ i ), S(ρ) being the Von Neumann entropy, the Holevo quantity of a channel Λ reads
Computing this capacity in general requires to compute χ(Λ ⊗n ) for any n, as χ(Λ ⊗n ) can be strictly not additive (e.g. χ(Λ ⊗n ) > nχ(Λ)).
The second capacity that we briefly review is entanglement assisted classical capacity C E (Λ) which measures the highest rate at which the classical information can be transmitted through a quantum channel when Alice and Bob share unlimited resource of entanglement. In this case the evaluation of the rate is simpler as it is provided by the following single letter formula [18] 
where the mutual information for a state ρ and channel Λ is defined as
The last capacity we consider is the quantum capacity Q(Λ) which gives the highest rate at which quantum information can be transmitted over many uses of a quantum channel. In Refs. [6, 19] it was shown that in this case the following formula holds
with
being the n-fold coherent information of the channel and the maximization being performed over the set of all possible density matrices ρ ∈ S(H ⊗n A ) of n copies of the input system. Interestingly enough for a degradable channel the regularization limit on n is not needed and the quantum capacity reduces to single-letter formula
We conclude the section by recalling a useful result reported in Ref. [7] . We call N a degradable extension of Λ if N is degradable and there is a second channel R such that R • N = Λ. In Ref. [7] it has been shown that if N 0 is a degradable extension of Λ 0 and N 1 is a degradable extension of Λ 1 then for every 0 ≤ λ ≤ 1
is a degradable extension of Λ = λΛ 0 + (1 − λ)Λ 1 , and the quantum capacities satisfy the following relation
This theorem can be used to show if we have upper bounds for the quantum capacity of two channels, all obtained from degradable extensions, the convex combination of the bounds is also an upper bound for the respective convex combination of the channels. We clarify this with an example: Consider the depolarizing channel i.e. Λ d p [· · · ] = (1 − p)[· · · ] + p Tr[· · ·] I d d . The set of all values of p for which Λ d p is a CPTP is P , and N p is a degradable extension of Λ d p for all p ∈ P . If p 0 , p 1 ∈ P , then N p0 , N p1 are degradable extensions of Λ d p0 , Λ d p1 respectively, then
Therefore
is a degradable extension of Λ d λp0+(1−λ)p1 , then using 13 we get
As this holds for all p 0 , p 1 ∈ P , therefore conv{g(p)} is also an upper bound for the quantum capacity of Λ d p , where conv{g(p)} := inf p0,p1∈P, 0≤λ≤1
In particular, given g 1 (p), ..., g n (p), all upper bounds for the quantum capacity of depolarizing channel all derived from degradable extensions, then g min (p) := min{g 1 (p), ..., g n (p)} is also an upper bound and therefore conv{g 1 (p), ..., g n (p)} := conv{g min (p)}
is also an upper bound too.
III. THE MODEL
Here we introduce the class of channels that we shall study in this work, first motivated as a toy model for a realistic scenario. In a standard approach to quantum communication the interaction between the quantum carriers of the information and their environment, the associated interaction time, as well as the state of environment are assumed to be known. However, it is possible to think about the scenarios where the state of environment is changing in time and it can be monitored with quantum measurements. In this setting, suppose that with probability p i the state of environment is the state σ i , and that when this happens information carrier get transformated by a a given CPT transformation Λ i . If there was no other information except the probability distribution of environment, the complete channel would be just the weighted sum of each individual map, i.e. Λ := i p i Λ i . Instead, we assume that in our case Bob collects a copy of the environment: in this case the complete channel can be written as
where now the σ i s live on an ancillary space H 1 on which Bob has complete access. More abstractly, this model can be also seen as a quantum channel with quantum flags, where with probability p i the channel acts as Λ i and Bob receives a quantum flag σ i which encodes in a quantum state then information about which channel is acting. As Λ can be obtained from Λ by simply tracing away the flags, it turns out the capacities of the latter provides natural upper bound for the corresponding ones of the former, i.e.
where we specified this property in the special case of the quantum capacity. A special case of a channel of the form (19) was considered in [7, 9] where it was assumed that the σ i formed a set of orthogonal pure states. Here, on the contrary we allow the σ i 's to be mixed and not necessarily orthogonal and focus into the case where the resulting mapping has the form
This is a channel that acts on a d dimensional Hilbert space and it is in the form of Eq. (19) with two components, the first associated with the identity channel, and the second associated instead with a completely depolarinzing transformation that replaces every input with the completely mixed state I d /d. Notice however that Eq. (21) describes a proper CPTP mapping also for values of p larger than 1 -indeed its Choi state [1, 2] can be easily shown to be positive for any p > 0 such that p d 2 σ 0 + (1 − p)σ 1 ≥ 0. The map Λ d p provides an interpolation between two important quantum channels that have been extensively studied in the literature. Indeed when the flags are orthogonal Λ d p reduces to the erasure channel [20] . Instead when the flag state coincides, σ 0 = σ 1 , Λ d p is equivalent to the depolarizing channel [21] ,
Most importantly, Λ d p is also the un-flagged version of Λ d p , i.e. the one that we get when, irrespectively from the value of σ 0 and σ 1 , we remove the flags states form (21) via partial trace. Therefore invoking the monotonicity argument that links the capacity of a channel with those of its flagged counterpart we can now upper bound the rather elusive quantum capacity of Λ d p , with the quantum capacity of Λ d p which instead, as we shall see in the following section, is relatively easy to characterize at least for some proper choice of the flags states.
IV. THE CAPACITIES OF THE FLAGGED DEPOLARIZING CHANNEL
A fundamental ingredient in studying the capacities of the channel Λ d p is the fact that it is covariant under the action of arbitrary unitary transformations U of SU (d), i.e.
the operators I being the identity on the ancillary space at the output of Λ d p . From this identity it hence follows that, given two input states of the system which differ from a unitary rotation, assume the same von Neumann entropy value at the output of the channel Λ d p . In particular this also implies that the output von Neumann entropy associated with a generic input state is a constant t(p, d, σ 0 , σ 1 ) that explicitly does not depend upon the specific value of |ψ but only upon the parameters that characterize the map, i.e. p, σ 0 , σ 1 and d. A simple algebra permits us to explicit determine the value of t(p, d, σ 0 , σ 1 ) obtaining
is the binary entropy. By convexity of the von Neumann entropy, it follows that (24) is nothing but the minimum entropy value we can get at the output of the channel Λ d p , i.e.
As a first application of the above observation we now compute the Holevo capacity C 1 (Λ d p ) of the map (21) . For this purpose we notice that for any ensemble {p i ; ρ i }, one can create a larger ensemble {p i , dU ; U ρ i U † }, where the state U ρ i U † is extracted with probability density p i dU , where dU is the Haar measure of SU (d). By concavity of the Holevo quantity it follows that on {p i , dU ; U ρ i U † } such functional is bound to assume a value that is not smaller than the one it gets on the original ensemble, i.e.
where in the first identity we used the depolarizing identity
and the fact that
while in the second one we employed (23) to remove any functional dependence upon U . We can now invoke (25) to put an upper bound on χ({p i , dU ; Λ d p [U ρ i U † ]}) by replacing all the S(Λ d p [ρ i ]) terms with the constant t(p, d, σ 0 , σ 1 ). The resulting quantity no longer depends on the input of the channel and provide an achievable maximum for the Holevo information of the channel yielding the identity
(the achievability being granted e.g. by ensembles of the form {dU ; U |ψ ψ|U † }, with |ψ arbitrarily chosen). Next we focus on the entanglement assisted capacity of Λ d p . For this purpose we use the fact that the quantum mutual information of a channel as defined in Eq. (8) is concave in ρ [1] . Exploiting this and the covariance of Λ d p under SU (d) i.e. Eq. (23), we can then write
where we used the depolarizing identity (27) . Therefore we can conclude that the state that maximizes the quantum mutual information is I/d and the entanglement assisted capacity is
where Φ d is a purification of I d d and where we used the fact that
is formally equivalent to the a pure output state of a channel Λ d p operating on a input d 2 dimensional Hilbert space, so that it entropy is given by the same expression presented in (24) with d replaced by d 2 , i.e.
The functional we have to maximize to compute the quantum capacity Q of of Λ d p is the coherent information J. In general tackling this issue is not an easy task: the problem however gets simplified if the channel is degradable. To begin with, as we have already anticipated in the previous section, under this circumstance the value of Q coincides with the product state quantum capacity Q 1 which does not require regolarization with respect to infinite channel uses. Second, in Ref. [22] it was shown that the coherent information of degradable channels is concave in the input state. Applying this to property to Λ d p allows us to analytically prove that the maximum of J(ρ, Λ d p ) is achieved by taking ρ to be the completely mixed state. The argument goes as follows: assume we select values of p, σ 0 , and σ 1 such that Λ d p is degradable (the explicit conditions for this to happen will be given in the next section). Now invoking the concavity argument of Ref. [22] we can write
where as in Eq. (30) the integral is performed with respect to the Haar measure on the unitary operators U of SU (d) and where we used the depolarizing identity (27) and the covariance property of Λ d p . Accordingly we can write
where again we used (33). It is worth stressing that we can certify the validity of Eq. (35) only for those values of p, σ 0 , and σ 1 which ensures degradability of Λ d p , a condition that which we shall discuss explicitly in the next section.
Sufficient conditions for the degradability of Λ d p
Here we analyse the degradability of Λ d p when σ 1 is a pure state and σ 0 is diagonalizable in that basis. For the first case, the channel and its complementary channel can be parametrised by the fidelity between σ 0 and σ 1 . Let's choose this parametrization for the flags σ 1 = |e 1 e 1 | and σ 0 = c 2 |e 1 e 1 | + (1 − c 2 ) e ⊥ 1 e ⊥ 1 . Then the channel can be parametrized by the value of c only, i.e. 
where |0 , |1 are two orthogonal states, Φ d is a maximally entangled state in dimension d, and |σ 0 1,2 is a purifications of σ 0 , and the trace in Eq. (1) is on labels 2,3,4,5 (see Appendix A for details). To find the complementary channel instead of taking trace over states 2,3,4,5 we should take trace over states A,1. Carrying out the calculation we getΛ
We now look for the existence of a degrading CPTP channel W p,c connecting Λ d p,c andΛ d p,c , i.e. satisfying the condition W p,c • Λ d p,c =Λ d p,c or explicitly
As a suitable candidate for W p,c we consider a two-step process which first performs a measurement on system 1 that then triggers an action on A. Specifically for the measurement we assume an orthogonal projection in the basis |e 1 and e ⊥ 1 . For the action on A instead we assume that if the measurement outcome is |e 1 we will prepare whatever state was left on A into the fixed state e ⊥ 1 e ⊥ 1 2 ⊗ Φ d Φ d 3,4 ⊗ |0 0| 5 ; on the contrary, if the result is e ⊥ 1 we operate on A with a channel of the formΛ d q,c ′ with properly selected parameters q, c ′ . With this choice, the resulting mapping W p,c on ρ A,1 is hence given by
With this choice the condition (39) becomes
which can be satisfied if it is possible to find q, c ′ ∈ [0, 1] such that
Doing simple algebra reveals that this is the case for all those cases where the following inequality holds,
Under this condition the channel (36) is degradable and its quantum capacity can be computed as in (11), i.e. explicitly
where η(z) := −z log(z). In Appendix B we report a similar, yet less handy, expression for the case where the flag states σ 0 and σ 1 are both pure but non necessarily commuting -see Eq. (B7).
V. UPPER BOUNDS ON THE QUANTUM CAPACITY OF THE DEPOLARIZING CHANNEL
The quantum capacity of the depolarizing channel has been extensively studied by several authors [7] [8] [9] [23] [24] [25] [26] [27] [28] [29] , yet despite the highly symmetric expression (22) , the exact value of Q(Λ d p ) is still unknown. According to Eq. (20) the quantum capacity of the depolarizing channel Λ d p can be upper bounded by the capacity of Λ d p,c , irrespectively from the choice we make on the parameter c. Intuitively however, as c gets larger, the bound gets better because channel (21) gets closer to Λ d p . In the previous section we manage to compute the Q(Λ d p,c ) for a restricted set of values of c. To get the best upper bound for the quantum capacity of Λ d p we should choose the maximum value for c without violating condition (43), therefore we choose Accordingly our best way to upper bound Q(Λ d p ) is provided by the following expression
In addition we can obtain another bound by choosing the flags to be pure states as discussed explicitly in Appendix B: the resulting expression is however much more involved then (46) and a numerical check reveals that it is less performing then the latter. For this reason we only report this extra bound in the appendix.
In order test the quality of our finding we now proceed with a comparison with the limits previously proposed in the literature. We start considering first the low noise regime (p ≪ 1) where (46) gives 
We can compare this with the result in [11] which put the following upper bound for the quantum capacity of two dimensional depolarizing channel in the low noise regime
The first order in (50) is smaller than our bound (51), so at least this special case we do not do particularly well. Things however change when we move out from the d = 2, low noise regime. To our knowledge, there are two bounds obtained from the degradable extension of the d dimensional depolarizing channel. The first one is given in Ref. [9] and consists in the following expression
with η(z) defined as in Eq. (44) and γ = 2d
. The second one was instead obtained by using the fact that Λ d p is degradable and anti-degradable when p = d 2(d+1) , see [9, 30] . Using this fact, [7, 9] showed we have
Given that all of these bounds are obtained by degradable extension of depolarizing channel and the convexity of upper bounds (13), we can obtain the following upper bound for the quantum capacity where conv{g 1 (p), g 2 (p), ...} is defined as the maximal convex function that is less than or equal to all the g i (p)s. Figure 1 compares the new bound with previous benchmarks for d = 2, [10, 11] for low noise and [12] for high noise, showing that the new bound is better in an intermediate regime. Figure 2 represents all of these three bounds for d = 4, 10.
To be more quantitative, we can study the asymptotic expansion of the capacities of the various extensions for large d. By some algebra one can show that 
As we can see our bound is the only one that shows an O(1) term which is not zero (and negative). Furthermore the gap between our bound and the lower bound scales as ∆Q(Λ d p,c(p) ) := Q(Λ d p,c(p) ) − Q lower (Λ d p ) = η
On the contrary the differences between the other upper bounds and the lower bound exhibit a O(1) gap equal to h(p) which, as shown in Fig. 3 is larger than (57) for p < 1 2 (where the quantum capacity is not zero).
In particular it appears that our inequality gives a much better bound for low p, since h(p) has derivative that diverges as − log p when p → 0, while ∆Q(Λ d p,c(p) ) scales linearly in p.
VI. CONCLUSION
We introduced a specific Flagged Depolarizing channel (FDC) which is a degradable extension of depolarizing channel for a certain parameter regime. We found this regime and computed different capacities for FDC. As FDC is a degradable extension for this parameter regime, we put an upper bound on the quantum capacity of depolarizing channel. Our result is analytic and works in any dimension, and it is the tightest available analytical upper bound. Unlike other degradable extensions of depolarizing channel [7, 9] , the introduced flags are not orthogonal. This technique of adding non orthogonal flags can be used to study the quantum capacity of other channels. 
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